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SCHOONSCHIP
A CDC 6600 program for symbolic evaluation of algebraic expressions.
M. Veltman

Abstract

4 high speed program has been constructed capable ol evaluating

expressions ¢f the formi
(A1-4 BT 4 oa) * (A2 + B2 4+ v0n) % vun + ...

where * denotes multiplication and where A1, B1 etc. may be products
of numbers, algebraic symbols, vectors, functions etc., or further
expressions enclosed in brackets. The prcgram, althcugh rather dumb,
contains several special features that are useful in working out
problems in elemeniary particle physicss complex conjugation, spin
summation, Vlmafrix reduction and trace evaluation are performed on
commgnd. Facilities making possible a certain class of substitutions
are present so that the answer may be expressed in terms of certain
variables} or alternatively symbolic operations, like integrations
if analytically possible may be performed. The output, obtainablé
on punched cards, is compatible with Fortran and may be used directly
in any numerical program. Furthermore output may be used again as
input for further processing, thus using the computer as a writing
pad. This may be done also in one and the same run. Limitations on
in- and gutput are qﬁite genergus, A typical problem, decay of a

K into v, invelving complex conjugation of a matrix element,
spin-summation and trace evaluation is enclosed as an example.
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Algebraic program SCHOONSCHIP

1. Introduction. The operation of this program will be explained by

considering a specific, very simple example. Consider:
(o +B)* (a4 +B)

The program accepts expressions of this type and works out the

brackets. Thus it will give, as a first result:

H% * * ¥* %
A 2 +AB+BAL+B 2

~dpiraa

(* = multiplication, ¥* = exponentiation) However, internally a - .
fixed order (depending on the name of an algebraic quantlty) is

used for factors in a term and we get:
*x
A 2+AB+AB+B 2

As a last step, in storing the output, all terms are mutually
compared, and if they are #dentical the numerical coefficients are

added. Thus we get:
*¥% * % *%
A 2+ 2AB+3B 2
This is the basic function of the program. As one observes some rules

pertinent to the particular kind of symbols involved are built in:

. *% *% *%
(i)a 1 A 1=4 2

(ii) 2B = B2
Other quantities that follow different rules may be used also and are
described further on.

A very important facility is the substitution facility. The idea B
is fhat one may want to make changes or substitutions in the course of
the calculgtion, or that one wants to‘select a particular type of
term. To illustrate this suppose that we must evaluate the following

integral:

1 * % * X% * %
x(x+5 A x) (x 2+3 Bx)
(2] . 3
In such a case we know beforehand what type of integrals may appear

e TR

and we could make a list:

¥ ¥ ¥
*¥ *¥%
x 2=x 3%/3
%% * %%
x 1=0.5 x 2




e

The program accepis this and will compafé each producted term with
the given table and make the substitutions indicated. After that
the result is sorted as before. _

Clearly the usefulness of the program depends on the generality
of the input permitted. For instance, as a next step one may introduce
vectors inside the brackets and require that products of vectors are
manipulated in accordance with the rules of vector-algebra. The
following section is devoted %o a brief discussion of the

calculational rules for the various possible guantities.

2. Rules of the game. First we will now discuss the basic rules used

in the calculation. For algebraic quantities a and b we have ab = ba,
and furthermore aman = am+n’ where m and n are some numbers. Non-
commuting quantities are generally called functions, whether they
depend explicitly on other variables or not. As a specific example
we mention {—symbols, to be described below.

4 great deal of vector- and spinor algebra has been built in,
and it seems therefore useful to give first a summary of the rules
of calculation employed. Some of the rules are metric4dependend
(especially the ruls

/
the metric intended is that where the metric tensor is zero, except

= r, r = dim. of the space involved), and

for +1 all along the diagonal. This corresponds to the metric

p2 = pf + pg £ pg + pi = - w° for a (relativistic) particle of

momentum p and mass m. A vector in r-dimensional space may be denoted

by %ﬂ sy where the indexi/&goes from 1 to r. We assume that a dot-

product is defined, i.e. with any two vectors p and q there may

be associated a dotproduct (pg) that satisfies the rule (pa) = (gp).

This doiproduct benaves like a commuting algebraic guantity, i.e.

(gp)” (gp)™ = (qo)™™, where the exponents m and n are some numbers.
As a matter of notation it is assumed that twice occurring |

indices dimply a dotproduct. Thus:
= q
Pu % (pa)

The delta-functicn é; may be understood as a functicn forcing/a_and 1

tc be equal;




The rule §?= r {(r = number of values taken by//a) is ascumed.

Furthermore /é‘p );A = éu/\

An index may take a specific value. Thus p4 denotes the fourth

i

component of the vector p. Of course now
p, q, # (pa),

and instead quantities like Py and a are considered to behave like
ordinary algebraic quantities:
m . n _min
Py Py Py

The following relations hold (m and n are some numbers)s:

Eugum 2 By s for instance 3}« ‘S/As = p3
é;n =1 if mw=n , for instance 533 =
5n1n =0 if m £ n , for instance 532 =0

A1l these rules are the well-known rules of vecter-algebra. As a
further development in notation we introduce the rule that a vector
may occur whenever an index can occur. The meaning of the so

introduced symbols is as follows (/M,V = 'ndex, p, q = vector):

Py = (pa)
éﬂp = Pu
dpg = (pa)
bom = (pp)
Spg = Py

This notation avoids often the neccessity of introducing twice
occurring indices.

In physical applications we will have to deal mostly with
four-dimensional space. The totally antisymmetric tensor §;4Vﬁﬁ
will often occur. The essential -rules are:

%“Vdﬁ is antisymmetrical under the exchange of any two
indices. For instance §%@% = _:;5“€ﬂ
Furthers:
?,u»yn(/g ?;/myx{; = 24 5
‘57“1/4/’ Eovnd =B Jﬁ’/\ d '
: =2 (5 4 -
f?ﬂ/«ﬂ Cav A x 2 (Qm hx ax PBA )
4¢A ‘&A
= 2 $




by a9
- £
%"\Vot/d Culxe = 5’”‘ s J’“‘
Jb'g éxs, A £

and analogously with coefficient 1 in front of the 4 x 4 determinant
if no equal indices. '
Thus a product of §£'s may always be reduced to zero or one €.
The program does this at the "reduction" command, or the "trace"
command, to be discussed later, or after the last substitution stage.
' Finally we discuss briefly glalgebra. Coﬁsider four quantities
gj, {2, Xa aurlcft)/4 and the identity 1 obeying the rules:
,7’")’,"-: yY o+ .
ok xw
1.1 =

Dgfine )5

75 _ 11}23,35,4

One finds:

)BX/"‘:_IM)«5
)5 IS -
]5.1 = 1.y5=f5

These D'—symbols obey the reduction rule:

VAV = G 80 = 4V % sy 50

Also, there exists a number of identities (called Chisholm identities)
that may greatly reduce the labor involved in reducing a product of
many }'s. A number of such identities is build in. Let S be a product
of a certain number of r“S, and 8, be the same produci, but wiih the
7 's in opposite order. Thus, if § = }dﬂﬂﬂa%hen SH =J”A]%de.
Furthermore brackets preceeded dby Pr indicate that the trace must be
taken according to the rules to be given below. Finally )§§ ==Jp =
where p is a vector. We will call S odd (even) if S contains an odd

(even) number of )'s. We have (p = dotproduct of p with itself):




f‘s [)”'" = -2 8 g S odd.
&’f‘“s ¥ Tr(S ). —)5 Tr(f S ) if 8 even
p’Sxf:-p25+ xfTr(p’S)+ p’é)s’[‘r([]j}fsr{)ii‘Sodd

szzf——p 8 +2X15Tr(xf}”s) if 5 even.

These build-in identities are applied only if the command "trick" is
given.

The trace of a product of )'s is given through the above quoted
reduction rule (redu01ng any product of J g to at smost 2 ] s with or

without a J') in combination with the rules.

Tr(1) = 4
Tr(y”) - 12()°) = ©
Te(y7yY) = 4 gL,
Tr(}' Py - Tr(} J7) =0
Y R = ) = o
The trace of a product of J's is computed according to these rules
upon the command "trace".

As an additional featurea'—symbols will have another index,
the so-callsd 100p-indgx, to denote different seis of ]Lsymbols. The
rules given above are pertinent to J's within a set. I's of different
sets are behaving with respect to each other as ordinary commuting
algebraic symbols.

In connection with X—symbbls we nay have the spinor symbols
u and u. These spinor symbols are related to particles of given spin,
mass and momentum. The program differentiates between spinors for
spin % and spinors for spin 3/2 particles. For a product of a spinor
u and a spinor u of one and the same particle one may define the
operation "spin sum" by (1 and j are loop indices)

u(1l,m,p) ﬁ(j,mip) =« i ¥ + m.1 for spin % particle,

where the Iin F is given the loop-index 1 and where for efentually
other B's and spinors occurring anywhere eilse in the product the
loop~index j is changed in 1. The order of the terms in the product
is changed: in reading the result after spin-summation the program
jumps from u to U and comes Back tater o collect eventual factors
in between. Thus, with l; J and kX being loop indices the spin~sum

operation changes




LK amm) 3 7 men) 77
into

flﬂﬁ (- if) +u1)) ;)/1,\ ]1}( iy o
In requesting spin summation one specifies = loop index (1 in the
above example) and the program searches then for g spinor u with say
loop-index i, and a spinor u with the same mass and momentum variable.
If found the above manipulation is performed. After this the program
starts anew looking for a spinor u with loop-index i, ete. This goes
on till no more such spinor u is found.

For spin 3/2 particles the spinors.u and u carry an extra index

and the build in rule is:_
=5 1 Y 3
w(dypmp) W(3,vmp) = 414, - 2 (g
2
+ _ s
LY ) +—;;;§ 1.3‘;;1 { i¥ + m.1 }

where 1 and all rlsymbols have the loop-index 1.
We closc this brief review by noting that an antiparticle spinor

differs from a particle spinor by the mass m being reﬁlaCed by -m.

3. Basic symbols, notation and definition. The following kinds of

quantities are possible in the input:

(a) mimericals;

(b) algebraic symbols;

- (e) indices;

(d) functions;

(e) vectors;

(f) dotproducts;

(g) specific components of a vector;

(h)} operators;

(i) dummies;

(j) expressions enclosed in brackets.
Numericals may occur as factor in a product, as exponents of some
quantity, as index of a vector to denotc a specific component, and as
argument of a function. As factor in a rroduct they méy be wrivten
with or without a2 decimal point, with or without signed exponent
with or without decimal point. The exponent ig indicated through the

letter E and denotes the expcnent of 10 with which the number has to

be multiplied. g




Example ; the number 831 may be written as:

831 83%1.0 83.1E+1 83.1E+1.0
8310.0E-1.0 0.831E3

The number should never be followed by a ¥%, symbol for exponentiation.
Thus 2.4**3 is (although in principle well defined) unacceptable. But
2.47 8.3 1is 0.k., * implying multiplication. Also 22.4 / 9.3B+7 is
allowed, / implies division.

In all other situations nume:icals must be signed or unsigned
integers less than 128 in magnitude. As vector-indices they must be
less than 32, and unsigned. Examples:

2107 | P(4) F(-3, 4, P)

* ¥ *¥*
A =107 A (-107)

where A, P and F denote an algebraic guantity, a vector and a function

respectively.

(v) Algebraic symbols are denoted by a string of one %o five alphanumeric
~ characters, the first being non-numeric, possibly followed by an
exponent eventually enclosed in brackets. If no exponent present it
is assumed to be +1. An algebraic symbol may occur as factor in a
product, or as argument of a function. If the symbol is immediately
preceeded by a / the sign of the exponent is changed.

Examples:

L33 *%
A AlB 2 AB -2

With respect to the / sign we have:

/A=A -1 ) : .
*% *%
/ AB- -2 = AB 2
* *% *% * *a
/A AB 2=4 -1 AIB 2
Here * denotes'multiplication.
A symbol is defined to be an algebraic symbol if it occurs in
the S~list. At most 255 different symbols are allowed. The symbol I,

¥
satisfying the rule I 2 = -1 is build imn.

(c) Indices are denoted by a string of one to five alphanumeric characters,
the first being non-numeric. They may occur as vector indices, as

function arguments or as factors in product. In the last case they may




(a)

(e)

(£)

be followed by an exponent, and are treated as algebraic symbols,
see b above.
Examples:

*% *¥
P(MU3) J =g / K12d 3 F(MU, NU, P)

where P and F dencte a function and a vector respectively.

A symbol is defined to be an index if it occurs in the I-list.

At most 254 different indices are allowed.

Functions are denoted by a string of one to five alphanumeric characters,
the first being non-numeric. They may be followed by arguments separated
by comma's and enclosed in brackets. A function Imay appear as facfor

in a product or as argument of a function. Rules and possibilities
concerning the arguments of a function will be given later, after the
discussion of substitutions.

Examples:
F1K ¥2(A,B,C) ¥3(F2, F1K, A, B, C)

A symbol is defined to be a function if it occurs in the P-list.

At most 223 different functions are allowed.

Vectors are denoted by one of two alphanumeric characters, the Tirst
being non-numeric. A vector may occur as a factor in a product, in
which case it is followed by an index, vector or number enclosed in
brackets (the last two cases are really f and g, see below), or it may
occur as argument of a function or other wvector.

. Examples:

-

P{MU) P1{ ALPHA) ®(P, P1) ?(Q) P1{4)

where P, P1 and ¢ are vectors, MU and ATPHA indices. The rule
P(-X) = - P(X) with X index or vector is build in. A symbol is defined
to be a vector if it occurs in the V-list. At most 20 different vectors

are allowed.

Dotproducts are denoted by a symbcl consisting out of two vector names
separated by the lettér I. They may occur as factor in a product, in
which case they may be followed by an exponent and are treated as

algebraic symbols. They may also appear as arguments of a Ffunction.




(g)

(n)

(i)

- 10 -

Examples:
HH ¥k
PDGQ P1DP1 PDP1 3 / PDQ 3

A symbol ig defined to be a dotproduct if it contains the letter D with

on both sides a symbol occurring in the V-list.

Specific components of a vector are denoted by a vector name followed

by a positive aumber less than %2 enclosed in brackets. They may occur
as factor in a product, in which case they may be followed by an
exponent and are treated as algebraic symbols. They may also appear as
arguments of é function. ’ '

Examples:
P(4)  Pi(8)  ®(4) 3/ P8) 3 -

A symbol is defined to be a specific component of a vector if it
consists of a symbol occurring in the V-list followed by a number

encloged in brackets.

An opefator is a symbol occurring in the operator-liist followed by an
asterisk (*) and an expression enclosed in brackets on which the
operation is to be performed. At the time of this writing there is
only one operator, namely CONJG, denoting complex conjugation. Its
doings will be described later on.

Examplest

CONJG * (A + B) conga * (e¢(11, P} + M)

Dummies are gymbols that are used in case a given functiion must be
used several times with different symbols. The function may then be
defined oncé, with dummy symbols at the places where the different
symbols are to be used. A dummy must nevertheless be defined in §,

V, F or I list, depending on what kind of gquantity the dummy
represents. A dummy is defined as such by occurrence on the left hand
side of a substitution {to be described more detailed later on) and
followed by a + sign.

Example:

. 5 * * ¥ X
AIF(I1, N+, P+) = 2 G(J1, P) + T PDQ 3 M =

In here the expression in between = signs must be substituied whenever




(3)

- A =

the function ALF with the first variable being J1 is encountered. The
second and fhird variable are taken over and substituted in the
expression inbetween = signs instead of M and P. Although P and M

are dummigs, they must be given in V and 8 lissg respectively, and the
replacements during the calculation must be veators or algebraic symbols
respectively. If in the actual caleculation an argurent is some expression

enclosed in brackets then the corresponding dummy must be an algebraic

" symbol. TPhus, for the above substitution, the quantity

ATF(J1, (a+B), Q)

is computed correctly.

Dummies to be replaced by numbers must be indices.

Expressions enclosed in brackets may appear as factor in a product
(eventually followed by a non-negative exponent) or as argument of
a function. An expression consists out of a number of terms separated
by + or - signs. Each term consists of a product of factors (a) - (7).

Examples

(2"P(m)™ (¢ + 01) - 2%0(4)" ame(a1, (a43), Q)




4. Special functions. A number of special functions are build in.

Names, number of arguments expected, and meaning are:

Name Nr of arg. Example ¥eaning

D . B D(M,N) é;v

EPF 4 EPF(M,N,L,K) Evid w

G 2 G(J,M) Y of loop J

GI 1 GI(J) 1 of loop J

G5 1 65(J) : 15 of loop J

G6 1 G6(J) 1+J5 of loop J

¢7 1 G¢7(J) 1*]5'0f loop J

uG 3 or 4 UG(J,A,P) spinor u(J,A,P) of loop J

UBG 3 or 4 UBG(J,A,P) spincr u(J;A,P) of loop J 4
DD 2 pD{J,K) substitute K whenever J found.

In UG and UBG the symbols A and P stand for mass and four-momentum.

For antiparticles one should use -A instead of A, P remaining as it
stards. We see G7(J) = GI(J) + 65(J), which is indeed what is used in
~computation of traces etec. These special Jfunctions obey the rules of
vector and spinor algebra given before (except DD, whichrwas introduced
for by now forgotten reasons). A spin 3/2 spinor is represented by
UG(J,.MU, A, P). We emphasize that A, representing a mass, must be an
algebraic symbol, P é vector, and J an index. MU may be index or vector.
An expression UG(J,P,A) where P and A are vector and algebraic quantity

respectively leads to erratic behaviour of the program.
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5. Punction arguments. Function arguments may be any of the symbols

(a) ~ (j) from section 3. These arguments may be preceeded by a
- sign. Furthermore the arguments may be dummies, with the following
limitations: |
(i) expression enclosed in brackets may not contain dummies
(ii) a dotproduct or specific vector component may not contain
‘dummies. '

Thus the following is not allowed:

ATF(A+, B+)

I

* ’
BET((2+C), H) + 6 B =

ATF(P+, B+) = BEF(PDQ) + B =

1]

where A, B, C are algebraic symbols, ALF and BET functions and P, Q

vectors. But, to show the point,
*¥% *
ATF(P+, B) = PDQ -3 + B (PDQ + P(4)) =

is allowed.
Some special features have been build in. An exXpression enclosed
in brackets as function argument may be preceeded by the Qpérational

symbol CORJG¥*, or by -CONJG*. Example:
' *
ALF(CONJIG* (A + I*¥B), - comga* (A - I €)).

Secondly a string of numbers (or index type dummies eventually to be
replaced by numbers) separated by +, -, ¥ or / signifying addition,
subtiraction, multiplication or division may also occur as argument

of a function. %The resulfjﬂg number, at execution ftime, iz treated
modulo 128. ‘

Example:
* - *
ATF(J+, K+) = BEF(-2 J + K/7) + 22' B =
This feature is supposed to be useful in giving recurrence formula:

ATF(N+) = (N-1)" ALF(N-1) =

The usefulness js somewhat limited by the fact that expressions cannot

have a negative exponent. Thus, one cannot writes
AP(N+) = ALF(N-1) / (N-1) =
One can ge? arcund this by using two successive substitutions:

ALF(N-1)* BEL(N-1) =
1/N =

ALE(K+)
BET(N+)

1
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6. Symbol defining lists. These lists that must preceede any given problem

contain the various symbols occurring in the problem. They are punched
on cards,and an 8, ¥V, I or F in the first column designates the list to
be 5, V, I or F 1ist‘(for algebraic symbols, vectors, indices and
functions respectively). The list starts in column 7, and contains the

. names separated by comma's. One may use up to and including column 72,
and eventually continue on further cards that should have nothing
punched in columns 1 - 6 and 73 - 80. The list is terminated by a period.

Examples:

A1B, C2, F3G.
11, I2, I3.

P, P1, QQ. _ : _ .
F1, ALF, BET.

B g H 2]

For indices 1t might be necessary to indicate the dimension of
the space in which one is working (in connection with the rule 4&A= r =
dimension of the space). If nothing is written r = 4 is assumed.
Otherwise one writes simply = r behind the index, where r is the

-appropriate number. Example:
I I1, MU = 7, NU = 7, ALFA.

' In 8 and F list properties of the symbols under complex conjugation

may be given in a similar way. This is discussed in the nexi section.
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7. Complex conjugation. In order to make complex conjugation possible

the reality properties of the quantities involved must be given. The
reality properties of algebraic symbols and functions are given in §
and F list respectively, all other quantitics are taken to be real.

For algebraic symbols the notation in the S-list:

<+« 3 A=1, ... . implies A is imaginary;

=0, « ¢« + . implies that A is complex. The program

3
-
.
.
.
-
I

generates a new symbol, by appending a G,
. ' which denotes the complex conjugate of A.

Here this would be AG:

N T TP - W, implies A is real.
-~ In the F-list: ' '
s+ o+ o« , Fi =T, . . . implies F1 is inaginary;

«+ s« 3 F1=0C, . . . dmplies F1 is complex, with P16 as new
symbol denoting the complex conjugate of ¥1;

s+ o« 3 F1 =10, . . . dimplies that the propefties of P1 under

‘ complex conjugation are undefined, and

complex conjugation for such a function
should be postponed till in some substitu-
tion some expression 1s substituted for P1.
Thus, during execution time the symbol
CONJG remains attached to F1 till some

substitution is made.

s s e e v o9 F1, . .. implies ¥ is real.
Example:
S-1list:s - b
S ‘A =1I, B1, B2 = C.
s Then:

CONJG* (A + B1 + B2) = -A + B1 + B2G

With respect to functions CONJG reverces the order of the functions
and performes complex conjugation as above on each function and its
arguments separate. Example:
F-list:

F° ATF = €, LSy Ty P2 = I, F3 « I
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-The 8-1ist is as above. One obhtains:

" © conyex (az2(a, 131)* P1(B2) * ¥2(4,B2, ( 4 + 31)) r3(a)" F3(B1)
. = - comig” (FB(A) 3(81))" ¥2(-a, B2¢, CoNJG (4 + B1))"
o | F1(B26)" ATFG(-A, B1)

L[]

No "UM" furnctions should appear as arguments of non "U" functions.
, Various examples illustrating complex conjugation are given in the
' appnndix. In the list printed out by the program the letters I, €, U
are changed into certain numbers, but whlch have the same meaning.
Thus I = 9, C = 3, U = 21. Everythlng follow1ng * EQUALS or * END is
produced by the program.

8. Substitutions. We will now prescribe the substitution Tacilities,

There are 39 stages in which substitutions (at most 25 per stage) can
be made. They are characterized by the letter~number combinations
I1, «oe 17, 3, 31,00 37, K, K1y .. K7, L, T1, ... L7, M, M1, .. 7.

A substitution is characterized by punching the correspending
code in column 1 and 2 of the card. In columns 3, 4, 5 a number may
be punched (a comma or * in these columns is ignored); this number
-gives the number of times the substitution is to be inspected for.
Thus, J5 5 means that the substitution is attempted at stages J5, J6,
'd7, Ky K1. For better readability ohe could write J5, 5% meagning level
J5, five times. In column 6 there may be a further character, specifying
something concerning the substitution. In columns 7 - 72 (and, if -
necessary continued on subsequent cards with blanks in columns 1 - 6)
follows: ) *

(a) the identifier

(t) an = sign

(c) an expression

(d) an = sign.
The symbol punched in c¢column 6 and the iden{ifier deternine the action
taken by the pregram. The following summarizes the pessibilities up
to the time of this writing. Notation: A = algebraic symbol; P = vector:
PDQ = dotproduct; J = indexy P(3) = fixed component of a vector;
D, D1, D2 = dummies; N = number; F, F1, F2 = functions. A dummy
oceurring twice in the identifier is called repetitive dummy. Exauwple:
In F1(P+, P+, A+, B+, C+) P is a repetitive dummy, 4, B and C are

ordinary dummies.
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In an idzntifier exponents, functions and their arguments, and vector
indices may be dummies. Thus: A**I1+% P14+ (B+, C+)* P(MU+) is allowed,

but A+¥*2 or P+(MU) not.

Tdentifier. Col. 6 Action
F(D1,D02,...)

all dummies, no

repetitive

dummies anything . Substitute once for every P

A= anybhing but F - Bubstitute N times for A¥*N, N2 0.

J= _ anything but P Substitute N times for J¥*N, N >0.

PDQ= anything bhut F  Substitute N times for PDQ**N, N 20.

P(3)= anything but B Substitute N.times for P(3)**N, N2 0.

A¥XN= arything Substitute once for A¥*N, N maybe 0 or ft.

J ¥4 = anything Substitute once for J**N. N maybe 0 or 1.

PDQ**N= anything Substitute once for PDQ**¥N. N maybe O or 1.

P(3)**n= anything Substitute once for P{3)**N.N maybe O or 1.

P(J)= anything but D Substitute once for P(J)

P(D1)= ‘ anything but D  Substitute once for P(J), arbitrary J.

as 1 F as 1, but also substituted in function
argunents.

as 2 F az 2, but alsc substituted in function
arguments. -

Zero or one anything but D Substitute once if all faclors are

function, any- present. Example:

thing else. Re- A**D1*H31,DQQ..) is substituted if

petitive dummies _this combination occurs with D1

allowed. ‘anyknumber. -

As 0, but with As 0, provided at places of repetitive

repetitive dummies durmies the same argument occurs.

Any other product N Substitufe once if the same combination

of factors ' occurs, disregard ordering of funciions
and possibiy'other functions inbetween.

Any other product 0 As 11, not disregarding order.

of factors
Any other product anythiﬁg but As 11, not disregarding order or

of factors 0o, N intetween functions.




Rr.
14
15

16
A3

Identifier Col. 6 Action
Not designated
Fot designated

?(D) _ P - Substitute in functions.
o) 5 T,

With respect to 16 the following should be noted. Suppose we have:
P(J+) = EXPR(J)=

where HXPR(J) is some expression depending on J, for instance
EXPR(J) = Q(J) + K(J). Suppose the function F1(A, B, P) occurs. The
action taken is as follows. A new index, say M1,is created internally
and placed in F1 at the place of P and in EXPR at the place of J.
Next EXPR is multiplied with P1. Thus we have:

Fi(a, B, P)
becomes
F1(A, B, M1)* EXPR (M1)

Often one will uée identity type 16 to express the fact that some

vector equals the sum of a number of other vectors. Care should be

18 -

taken that such vectors occur only in functicns that are linear in the

particular argument. Examples of such lineazr functions are J ard € (i
I and EPF), and )’(i.e. G) with respect to its second argument. But

UG and UBG are in general not to be considered linear excepit when the

« 2

mass involved is zero. Thus if UG and UBG occur substitution 1€ should

be pérformed after spin summation, but before trace evaluation (in
view pf the fact that trace-evaluation generates dotproducts, ard the

substitution 16 is not performed on vectors occurring in dotproducts)

-

The appendix gives some examples of substitutions.
At this point we must make an important remark. Any deeper leve
bracketing ieads to a higher level substitution. For instance the

expression:
(a+ B* (C+D) )

leads to a newly creéted symbol, £ 777, and a new substitution:
(A+ B* £ 777)

I1 £ 777 =C+D =

Other example:
A + B*¥ (C* (F + H) + K)

leads to

1




(A + B¥ £ 777)
11 B 177 = C* £ 776 + K =
12 2776 =F +H =

L]

In this type of manipulation dummies are carried along correctly
(with the limitation that no expressions occcurring as function
arguments contain dummies).

Thus, if deeper level bracketing occurs one must leave Space
in the identity levels. For instance, a substitution H = 3* A +B =
should in the last example be placed at I3 or higher, as H appears
only at level I2.

9. Commands. A number of useful commaﬁds is build in. As with 7
substitutions columns 1 - 5 are used to indicate the stage at which
the command is to be followed up. Reduction and trace evaluation need
two stages, if the Chisholm identities are to be applied more stages
are needed. In the last case one should indicate how many stages can
be used, at least . Typically 5 stages will be allright, in that case
the Chisholm identities are applied\4 successive times. The commands

available are (J1, J2 etc. are loop indices):

REDUC, J1, J2, ... = Reduce product of J's of loops J1, J2
etec. to at most two J's and evertually a {5.
TRACE, J1, J2, ... = Take trace of J's of loops J1, J2, ...
TRICK, I1, I2, ..., TRACE, J1, J2, ... = Reduce product of ]'s
of loops I1, I2, ..., take trace of I’s
of loop J1, J2, ... Use Chisholm identiiies
as much as possible within the allowed
number of stages.

SPIN1, J1, J2, ... = Perform spin summation over loops J1, J2, ...

It should be remembered that while doing spir summation loop indices
might be changed. For instance the combination UG(J1, M, F)*UBG(s2, M, P)
leads to change of J2 into J1 everywhere. Thus 42 needs not to be
mentioned in the list. However, no harm results from J2 being in the
list. o

EVENX, AR, 1,2,4,BF,2 L Recognize AP as a function even in

arguments nr. 1,2 and 4, and BF even in
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argument 2.
Thus remove eveniual -signs of these
arguments. Example: AF(A1, -A2, -A3, P1, Bt)
goes over into AP(At, A2, -A3, P1, B1)

ODDXX,AF,1,2,4,BF,2 = Same as above, only for every -sign

| removed the function AR getsra-—éign:
AP(A1, -A2, -A%, P1, B1) goes cver into
-AF(A1, A2, -A3, P1, B1)

_REPLA,A1,A2,AF,1,2,4,BF,2 = If arg. nrs. 1,2 or 4 of AF 6r 2 of BF
contain A1 replace it by A4.

ASYMX ,AF,1,2,3,BF,2,3 = Recognize that AF is antisymmetric in

argumente 1,2, and 4. Set them in a certaip.

(internally well-defined) order, while
eventually changing sign. Same for BF.
Example: A¥(A1,B1,C1,D1) goes over into

- aF(C1,B1,A1,D1). Also AF(C4,D1,A1,B1)
goes over into -AF(C1,B1,A1,D1)} If two
arguments are equal the term is madé Zero.

SYMXX,AF,1,2,3,BF,2,3 = Same as ASYMX, only no sign charge.

The following itwo commandsg are introduced for matrix manipulation.
Bssentially the idea is to regroup a product of matrices, like

'Aij Bki Cjk such that equal indices follow each other. Thus we want the
result to be A.,. C., B .. For such purposes there is the command:
ij, "Jk ki

OBDEB-’ A’ 1, I?, 12, 13 = ’ T

This‘means: search function A. Start with the index which is following
(if there is no index following start with the preceeding) argumert
nunber 1. Find a function which has the same index as argument, and
~place it behind function A. Get as new index the index following the
previous one and proceed as above. Go on till no more index found, or
til; one ﬁrrives at a function which is already pari ol the chairn.
Next search indéx I1, and if found as function argument start a new
chain with that function. Etc.

If, on searéhing the function A it is found that A is already
part of_a chain the program skips that A and goes on searching. This

can happen if the same command is given twice at the same stage. Thus:
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A(T1, 12)* B(13, 11)* c(12, T3)* A(d1, J2)%
B1(33,31)* c1(J2, J3)
needs twice the same command at the same stage

ORDER, A, 1 =

ORDER, A, 1 =
to give:

A(11, 12)* c(12, 13)* B(I3, I1)* A(J1, J2)* ¢c1(J2, J3)* B1(J3, J1)
The command
ORDEI, I1, I2, I3 =

leads to the same work, only the program first finds index I1, and
starts with the function containing I1. This might give rise to "anti"

ordering, i.e.
A(T1, 12)* ¢(12, 13)* B(13, I1)
is on the command
| ORDEI, I2 =
rearrangedrin
A(11, 12)* B(13, I1)* ¢(12, 13)

The following are two commands meant for manipulation of orthogonal

vectors. The command:
ORTHG, Q1, i, P2, P3 =

results in that the dotproducts Q1DP1, QtDP2 and Q1DP3 are set %0 zero.

The command:
ORTHR, P1, P2, P3 =

results in P1DP2, P1DP3 and P2DP3 are set to zero_while P1DP1, P2DP2
and P3DP3 are set to one.

The following command is intended for selection of terms. First
there must be an A-list, consisting of an A in the first column, and
in columns 7 - 72 follow names (vector, index, algebraic symbol,
function) followed by an - sign and a signed or unsigned number less
than 217 in magnitude. A1l are separated by comma's and the list is
terminated by a period. No dotproducts or fixed components of a vector
should ocecur in the list. '

Exarples

A A1 = 3, B2 = -5, AF = 7, P = 5.

l_—u"u“_———.. Tt "
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The command
ASYNP, 10 =

leads to the following action. Every term is inspected, and an
“asymptotié" number is constructed. This number is obtained by
adding 3 for every occurrence of A1, -3 for A1¥¥-1, -5 for B2 etc.
Thus A1*¥*¥7 adds 21. Function arguments are not counted. Dotproducts
and fixed components of a vector ére counted with respect to the
vectors invelved. Thus PDP contributes 10. If the so constructed
asymptotic number is egual or larger thanuthe number in the ASYMP
command (here 10) the term is kept, and otherwise set to zero.

In general at a giveh stage no more than one command should
be given. Also subsiitutiona are not t2 be giveﬂ together with a
command at one stage. This holds also for substitutions arising fron

deeper tevel brackerns.

10. Miscellanecué remarks. A card with an asterisk (¥) in column
one indicates that the whole problem is read, and that evaluation
can start. After the problem is evaluated the action taken depends
on the further contents of the card with the %, If

END in column 7, 3, 9

the program writes output, punches eventually cards, rewinds tapes
etc. and stops.
T

YEP in columr 7, 8, 9

the program‘writes the output on a certain tape and uses that
subsequently as input, applying identities following the YEP card.”
A YEP command leaves S, F, I, V and A lists unchanged, but in

general a new B-list (see section 11) must be given. Also the ¥ card

looses validity. If anything else the program writes and punches (when

requested for) and next considers the cards following the card with
an ¥ as a new problem-to be attacked.

If the input for any problem consists of the output of a fore-
going run the cards in gquestion must be preceeded by a card having
an R in the first column. I, S, F, V and A lists, as well as
identities and the B list (discussed in section 11) must be given

before the R card. The symbol CORJG must not appear in the cards

¥ The identities are followed by a card with an *
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following the R card. The whole should be terminated by a card with

an* in the first column.

13. Output instructions. In the output vectors and functions are

factored out. If one wants to factorize any other quantity, then
this quantity must be mentioned in the B list (B in first column,
names separated by comma's in columns 7 - 72, terminated by a
period. At most 25 names may be given). This B list must be after

8, V, F and I lists. 4 proper factorization fécilitates the ordering
and comparison of terms in the output, and for problems producing
a large output one should .take care to obtain roughly a situation

with M = N where, given the output
Fi (A1 +B1 + vov ) 4+ F2 *(A2 + B2 + vua) 4 .0

the number N is the number of factors F1, F2, etc, while M is the
average number of terms inside brackets. Shortly: about as many
brackets as terms inside brackets.

- Further control on the output is achieved by punching symbols
in eolumns 73 - 80 of the card preceeding a given problem. This will
usually be a card with an ¥ in the first column. The poesibilities
are: .
nothing anywhere: print both input and result, do not punch cards
/ in c¢ol. 73 : punch cards of output.

/ in col. 74 : do not print output.
£ in.col. 74 : print intermediate result in case of a IEP.
/ in col. 75 : do not print input. .
£ in col. 76 : print working out of brackets.

Next, a card with an N in the first column, and a number in
col, 7 and 8 followed by a period instructs the program to print
floating point numbers with as many decimals as the number specifies.*

In the output terms are arranged such that terms containing

factors quoted first in the 8 list are printed first.

If not specified it is taken to be 5.
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12. Ordering cards. The program, presumably on binary cards, is

followed by a card *DATA. Next comes a card specifying tape numbers:

Col. 9, 10 Output tape. (= 2 for the CERN system)
Col. 19, 20 If non zero, output is printed on this tape in
the same format as punched cards.
Col. 29, 30 2 tapes used for intermediate storage in case
- Col. 39, 40}
Col. 49, 50 Tape used for storing output to be used as input

of large amounts of output.

in case of a YEP command.

Columns 72 - 80 contain output fegulating.symbols, see section 11,

. Next the first problem is given. First, there must be the
Varioué lists : 5, V, I, F and B and eventual A and N cards (see
section 9 and 11). Secondly the main expression is given on cards
with blanks in columns 1 -~ 6 (and 72 - 80 which are ignored anyway).

This main expression must consgist of expressions in brackets

separated by *, + or - signs. Next follow the substitutions and
commands, and che whole is terminated by a card having an ¥ .in ¢ol. 1.
After this card, if it does not contain END or YEP in col.'7, 8, 9
further preblems may be given. The last card of the pack should be a

card with an * in eol. 1 and END in T, 8, 9.

13.80me further comments. A limited amount of diagnostics is bhuild

in, for some of the more obvious errors. Also, the program prints
out tpe various name lists, and in case the same name has béen used
for different quantities it will appear in a list “Confused" . Tne
should be quite careful to avoid that that for instance algebraice
symbols appear at places where vector symbbls are expected, as this
may result in the program stopping in the midst of the caleulation
without printing warning or reason. Or, as may often happen in such
cases, the message "trouble with indices" is given. For instaice
D(M,A) where M is an index and A an algebraic symbol leads to disaster
when multiplied by say P(M), P being a vector.

Ofter it is quité difficult t¢ see how much computer time a
given problem may take. The time needed is more or less proporiional
to the number o2f terms arriving at the output before sorting.

Roughly 5 minutes must be counted per 100.000 terms. Quite often
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simple tricks in the input can greatly influence the number of terms
produced; also doing halfway the problem a YEP may help, as a YEP
implies sorting of the terms before going on (see example on K = 7~ v
in the appendix). Be careful that at the point where the YEP is done
all complex conjugztion is performed, i.e. that all "U" type functions
have been substituted. Also a new B list must be given after a YEP.

if, while reading the problem the progrsm encounters a symbol
not defined in any list a guess is made taking into account the way
the symbol appears. To give the idea: if a new symbol appears as

argument of a function it is

(i) assumed to be a specific component of a vector if the
symbol is foliowed by a bracket (
else (ii) assumed to be a dotproduct if a D appears in the name,
and not as first or last letter;
else (iii) assumed to be an index if the name starts with
i, J, XK, L, M or N;

else (iv) acsumed to be an algebraic symbol.

It must be remembered that certain symbols are built in. Thus
do not call an algebraic symbol D or G, as there are already functions
by that name. Also I should not be used as index, because I is reserved
for the quantity obeying I¥**2 = -1.

Note that all output is terminated by 4+ 0. This + O.should be

kept in using output of a previous run as input.




14. Internal representation. Internally symbols are represented by

12-bit quantities. The heading 4 bits specify what kind of symbol,
the last 8 specify the name of the symbol.

k - heading (digital) kind example (in octal)

: 0000 dumny _ 0007 (dummy nr. 7)
0001 index 040% (index nr. 3)
0010 vector 1005 (vector nr. 5)
0011 operator 1420 CORJIG
0100 algebraic symbol 2010 (symbol nr. 8)
0101 expr. in brackets. 2513 (expr. nr. 75)
0110 ' function 3023 (function nr. 19)
0110 ‘ function end . 3000
0111 number 3405 (5)
10%% component of a vector

The 10 iz followed by a 5-bit vector name and
a 5-bit number.
1q%% dotproduct. The 11 is followed by two 5-bit

vector-namas.

Functions appearing as argument of a function have the vector heading,
and then the function name with 32 added on. Thus 1041 is function

nr. 1 appearing as argument of some other funciion.
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Appendix. In the following some comments on the examples given on pages
A1 - A25 will be given.

The general structure of the printed output is as follows. First
the input is listed, up to and including the card containing an asterisk
in the first column. The text after that is produced by the program:
lists of the various symbols, result of the calculation, and finally
some statistics on the problem. The runnine time is in milli-minutes.
The number of terms actually printed equals T - E - C, where T = number
of terms, E = number of equal terms and C = number of cancellations.

The number of records indicates how many records have been written on

tapes for storing intefmediate results (not including the intermediate

results in case of a YEP command ).

Al, A2 Show complex conjugation of algebraic symbols.

A3 - Demonstrates that twice conjugated gives the original expression.
-Note the ordering of the final result in accordance with the
ordering in the S-list.

A4 Demonstrates complex conjugation'of a product of functions.
Note that ithis output cannot be used as input again bgcause
of the occurrence of the CONJG symbol.

A5 Demonstrates use of dummiés, and the occurrehce‘of'an expression
in brackets and minus signs in function arguments. Hotice that
-PP inserted for the dummy P in for instance P(4) gives -PP(4).
If we had written P(4)¥*2 the result would have been PP(4)¥%%2,

A6, AT Complex conjugation of function and its arguments.

A8 Exémple of identity to be used in case of spiﬁrsummation for

spin 1 parficles. Shows also the use of the / sign. There is
no deep reason for writing M/M**3 instead of /M¥*2. X

AQ-A16 Demonstrates the use of some substitution types.

A1S Note how a seemingly innocent expression gives rise to a huge
number of terms (40.000, for some reason that is no more
relevant the count was 4 too high). That the time taken is
still relatively small is because the output store contained
never many terms, so that comparison of a new term with the
already present ones could go very rapidly.

A17-A20 Demonstrates application on a problem encountered in elementary
particle physics. Notice that in DIA the indices MU, NU had to
be taken as dummies because otherwise DIA * CONJG * (DIA)
would have given rise to terms containing 4 times the

identical index.
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On page A 18 the program did not print out the card * END,
instead printed an R card that is preceeding the input
coming from the intermediate tape (which was written there
in.response to the YEP command). This intermediate input -
output is not listed, and after the R-card the outcome of
the whole problem starts.

If this output is to be used in a Fortran program it might
be worthwhile to introduce certain abbreviations with the help

of substitutions. Por instance some obvious ones:

M*%2 = M2 =
M**4 = M4 =

_ete. Also one could have given directly the numerical values
of the various masses. For instance to remove M one could use

- the substitutions :

M= 105.6 =

M¥¥*-1 = 1./ 105.6 =

M*¥%¥-2 = 1./ 105.6 / 105.6 =

il

Notice that negative powers have to be listed séparately, as
the first substitution is only performed on positive powers of M.

The time taken for this problem was about 0.9 minutes. The
~calcuiation could have been speeded up if we had used the vector
QQ instead of Q + QP in the input, giving the necessary
substitutions to remove QQ again after the YEP, like:

KDQQ = KDQ + KDQP '

etec. Of course, substitutions like QPDQP = 0 have then to be

given again, after the removal of QQ.

A21-A25 Demonstirates ASYMP, ORDER, ORDEI, ORTHG and ORTHN.




S A=1,81,8B0=(,BC2,B83,R4=1,85=C,B55,
1 11, -
F ALF=C,al8,F1,F2=1,F32U,H1,H2=],H3%C,H33.
v P,Q,PP,QQsR. -
(CONJG#*(A)+A1*CONJG*(B1)+A2#CONJG*(B2)+A3=CONJGH (BC2)+A4»
CONJUG#(B4)+AS*CONJG*(B5)+A6#CONJG*(B55))
* EQUALS
SYMBOLS 1=9, A=9, B1, B2s3, B2G, BC2, B3, B4=9, B5=3, B5G, B55, A,
AZ2s B3, Ad, AS, A6,
INDICES £,
VECTORS Ps ’Qp PP' 00' Ro
FUNCTIONS D» EPF29, G=9, GI, Gs5=9, Gaw3, 67, uG=3, UBG, DD, ALF=3, ALFG,

aAlLS, Fi, F2=9, F3-21' Hi, HZ’Q’ H3=3, H3Gp H33.

~ A + Bil#Al + BZ2G#A2 + BC2#A3 = B4#Ad4 + B5GaAD + BS55«A6

+0.

RUNNTING 1] 1F
NUMOER GF 1FERMg ,

EGUAL

CANCTZLLATIONY

PLRMD

el N QR

RECORLS g



'S A=],81,B2=C,BC2,B3,B84=1,E5=C,B55,
1 fls
F. ALF‘C:ALS’FI;Fz’l3F3‘U’H1pH2’13H3'CpH33o
v FeoQePPs00ske
(CONJGa(A+ATaB1+A24B2+A3BC2+A44B44A58B5+A68B55))
* ECUALS
SYMEOLS 1=9, A=9, Gi, B2s3, B2G, BC2, B3, B4=9, BS5=3, BS5G, BY5, Al,
A2, Ad, A4, AS, AL, :
INDICES Ii.
. VECTORS " p, @, PF, 06, R.
FUNCTIOANY N, EFFeY, G=9, GI, GS5=9, G6+3, 67, ULm»3, UBG, DD, ALF=3, ALFG,
ALS:s F1» F2=9, F3%21, Hi, H2=9, H3=3, H3IG, H3I,
- A + F1#Al + B2G#AZ + BC2aA3 » B4#A4 + B5GepAY + HS5S5eAH
+0.,

i RUNNIHLG TIHE

' NUMEER CF IEHNS
EQUAL |EHRMY
CANCELLATY NS
RECORLS

TS N O




A=1,B81,B2%C,BC2,B3,B4=1,85aC,855,

S
I 11s .
F ALF=C,ALS,F1,F2=1,F3=U,H1,H2=]1,H3%C,H33,
v P,0,*P,QQ,R., ) :
(CONJG# (CONUGA(A+ALepR14224R2+A34BC2+A40H4+ALaRB+ASREE5)))
» ECUALS
SYMROLS 1=9. A=9, Bi, B2=3, B2G, BC2, B3, H4=9, D5=3, BS5G, H55, Af,
A2s Ads B4, AS, A6, '
INDICFS 11,
VECTOKS P, @, PF, 00, R.
FUNCTLURS " p, EPF=9, G=g, GlI, G539, G6=3, G7, UGe3, UBG, DL, ALF=3, ALFG,

" RUMNING 114f
NUMEEF CF ) niig
EQUAL
CANGCELLATIOLS
RECORDS

ALS,» F1, F2=9, FI=21, Hi, H2=29, H3=3, H3G, H3I3,

+ A + Blerl + B2ea2 + BC2uAl3 + B4xA4 + BHsA5 + BSHaAb

VERN3

Lo N e



S A=1,51.52=C;ECE-E3,B4=InE5iC,355.
! I1s _
F ALF=C,ALS,F1,F221,F3aU,H1,H2al,H3"C,H33.,
v P.Q;PP.OO.R. ) ) . |
(CUN.JG*(ALF(A»E1,B2,BC2,11,P,0DP,P(4),H1,H2,H3,H33)»
ALS(Aieliezleczl11’P'DDP)P<4),Hi;szH33H33).
Fl CAsb1,82,RC2,13,P,0DP,P{4),H1,H2,H3,H33)e
F2 (AsB1,B2,BC2,11,P,0D0P,P{4),H1,H2,H3,133)e ‘
Fs (A:EI’BQ:EcznIl,F,UDP;P(4),HI;HE,H3,H33)#‘ :
FS3 ¢ EB1,A2,BC2,14,P,0DP,P(4),H1,H2,23,H33)e '
HE O E1,B2,RC2,11,P,0DP,P(4),H1,H2,H3,H33)e
H3 € €1,82,RC2,14,P,0DP,P(4),H1,H2,H3,H33) ) )
™ EOUALS '
SYMIOLS 1=9+ A=9, B1i, B2=3, B2G, 6C2, B3, B4=9, B5=3, B5G, B55,
INDIGES 18 ’
VEC1QHS P"Q, PP’ OO’ R,
FUNCTIONS bs EPF=9, G=9, GI, G5=6, Gos3, 67, UG=3I, UBG, DD, ALP.SQ ALFG,

ALS, F1, F2=9, Fle21, Hi, H2=9, H3=3, H3G, K33, .

~'H30f81.eae,uc2,11,P,FDQ,Pc4),H1.-H2,H60,H33)*Hi(Bi,BZG.Bge,I1.P.PDO.Pt4)-H1.“H2.H30.H33)
*CONJG*(&S(A.61.92.502.I1,P,PDG,P<4;,H1.H2.H3,H33)*r3c81,82.902.11.P,PDQ,P(4;.H1;H2,H3,H33)
}uFZ(-A,u1,rzG,scz,11,F,pnc,P(4),H1,-H2,H33,H33>*F1(uA,Bi,BZG,aoa.I1,P,PDQ,P(4).31.-H2,H33,H33:

uALS(-A,Hl.F?G,BDE,I1,F,PDG,P(4),Hia-HQ,HSG,HBS)'ALPG(-A,Bl;BZG.BGQaIi.PaPUD.P(4).Hi,-HE,HSG,H33)

+00 ) 1 ’ ’ Jl

? -



A=1,81,82«C,BC2,B3,B4=1,B=Q,B"5,

'.,:1—._‘(,‘

15,
ALF=C,AlS,F1,F2=1,F3=U,Ht,H2=],H3=C,H3],
P,0,PP,NQ,R. '
(ALF ((AL+HD),=A,=-PF,Q0))
J ALFCA+,B+,P+,0+)=4883+B+34A2#B545+P(4)+PDA+D(P,Q)#A3+PDR+0DR=
* . EQUALS . |
SYMBCLS =9, A=y, D1, B2=3, H24, 8C2, B3, B84=9, A5=3, B5G, BSS, Al,
A2, A4,
INDICES 11.
YECICKS P, 0, PP, 00, R,
FLNCTIONS D, EPF=9, G=9, Gl, G%=9, G&=3, G7, UG=3, UB4, DD, ALF=3, ALFG,

ALS, Fl, F2=%, F3=71, Hi, H2=9, H3=3, H3IG, H33.

- 3.nAu89%A2 = A + 3,#B2AL¥w2 + 3,%B2##2eAl + B2s:3 + A1483 - AZ#PPDOQ ~ PP(4)

- PFLOQ -~ PPOR + QQBR

*U'

RUNWMING TIMT
NUMLGER OF TrR"S 1
eCUAL TERMS ’
CANCELLATIQIS
RECLKLS

LR ) I v



S A= 1111,12=C.EL2,F3 &4=I BEhaC,H59,
1 s
F ALF*u,ALS;FI FZ=1,F3=U,hi,H2=],H3=C, H33.
v #,0,7F.0n,R.
(CONJGA(ALF(=-(Al+12),-A,-FP,N0)) )
J ALFGCA+,B+,P+, Q+)-Au*3+8+3GA2'B*ﬂ5+P(4)¢PDO+D(P.O)*A3*PDR*QDR=
* ECUALS
SYMEODLS 1=9, A=Y, B1, Be=3, B32G, HC?, B3, B4=9, BS=3, 85GQ, bS5, Ati,
AEP ﬂao
INRICES 11.
VLCTOF‘IS P, '(o, P"", OC, R-
FUMNCTIONS n, EPFa29, G6=9, Gl, G5=9, G6=3, 67, UG=3J, UBRG, DL, ALF=3, ALFG,

ALS» Fi1, F2=29, Fle21, Hi, Hz=9, H3I=3, H3G, H3IJ,

t J.RAeRD A 4+ A - S, #BPGeAL*R2 « 3 eBZ2GeaQep]l - B2Gwead - Alaxd - AZ#PPDQU -~ PP{4)

- PPNOQ - PPDR + QUpR

+0,

’
RUtit:IhG T 14F B,
NUtinER CF I Nkg e
EQUAL 15HkaS 4

CANMCELLATI 1.5 !
RECUORDS ;



< M n

| %

A=l,UI,EQ'C,E62153184=IpB5IC,B5b.

11,

ALF=C,aLSsF1,F2"1,F3=2U,H1,H2=2],H3%C,H33,
P,Q,PP,QQ:R., .
(CONJG*(ALF(=CCN Ga(Al+bB2),-A,~-PP,QU)) )
ALFGUA*, B+, P+,0+)ep%a3+b+38A28B#25+P(4)4+PDO+D(P,Q)#A3+PLR+QDR™

END

SYMBOLS

INDICLS

VECTORS

FUNCTIORS

+

PRDQD

0.

RUMNING TInf

NUMBER OF

EQUAL
CANCELLATI NS

RECOPLUS

TERMg 1
TFERMS

&

r=9| A=9, 8931, 8233' B2G, BCZ. B3, B4=9, P5=3, 85G, 355, Al»
AZ» Aai

11,
P, '@, PP, QQ, R.

n» EPF=9, G=g, GI, G5=9, G6w3, 67, UG=3, UBG, DD, ALF=3, ALFG,
aLS, F1, F2=¢, F3w21, H1, H2=9, H3=3, H3G, H33.

S 4An853A2 o A - J.uB2uAlN#2 o J,#BZ24#24A1 « B2e#3 - Alw%] -~ AJ#PPLQ0C - PP(4)

PPDR + CQGEDR

PR S L e o)




L 2 o

F EGmC.
v P,
8 M.
I MU,NU,
(EG(MU,H,P)'EBG(NU,H,P)}
N Eg(MU+,H¢,P¢)1EBG(NU*sH4sP¢>-n(HU,NU)¢H'P(MUJ~P<NU)/H~l3'
EQUALS
SYMROLS 129, M,
INDICQES MU, MU,
VEQTORS P,
FUNCTIONS D, EPFe9, G=9, GI, G5w9, 06=3, 67, UGm3, UBG, DD, EG®S, EGG.
4

+ D{NU,MU)

* PONUY#PEML)

® ( Me#(a2) )

+0. ‘

RUNNING TYIMF
NUMBER CF TLRMS
EQUAL TERMS
CANCELLATIONS
RECORDS

9 OO N 3



F F1,F2,F3,F4,F5,F6,F7,
v PsQ,y
(F1(A,B,C)*F2(A.8,CI*F3(A,B,C)=F1tA,B, C))t(A**S*PDO-*z*PﬁﬂU))
K F1(Di+,D2+,C)=F5(N1,D02)=
KLt N F2(Di+,D2+,C)*F4(U1+,D2+,C)=zF6(D1, Dz)=
L AxwDlw=lwe1=
" EQUALS
SYMBOLS 129, A, B, C.
INDICES - MU,
VECTURS P, Q.

FUNCTIONS b, EPF=9, G=9, Gl, G5=9, 6623, G7, UG=3, UBG, DD, F4,
Fa, F5, F6, F7. :

bl P(MU)'FS(Aaﬂ’*FQ(A'BpC)*Fs(A;BJC)*FB(A:B}

* ( Cex3xPDQww2 )

0,

RUNNING TIME 5
NUMBER OF THRMS 14
EQUAL TERMS 0
CANCELLATIONS 3
RECQRDS 0

Fa,

F3,

=



2 F1,F2,F3,F4,F5,F6,F7,
v el

(F1CA,BaCI*F2€A,B,CI*F3(A,B,CIF4LA, 8, C))*(A**3tPDQt*2*P(HU))
K1 N Fd(Dl*rUZ*.C)*F4(Ul*oD?*cC)=F6(DicDZ)‘

® EQUALS

SYMBULS I=9, a4, 8, C.

INDICES MU .

VECTURS P, Q.

FUNCTIONS D, EPF=9, Ge9, Gl, 6529, G623, G7, UG3, UBG, DD, F1, F2, F3,

F4, F5, ¥F6, F7,

+ P(MUI*FL(A,B,C)*F3(A,E,C)*F6(A,R)

* ( AxwJ#«PDQww2 )

*U'.

RUNNING TIME 1
NUMBER OF TERMS

EQUAL TERMS
CANCELLATIUNS

RECORDS

(=i o i ol SRS 2




F Fl:FZJstF41F51F6’F71

v Paldy
(F1CAsBaCI*F2(A,B,CI*F3(A)B,CI*FA4(A,B,C))e({Aww3npPDQuewdeP (MU})

K1 0 F4(Dl%,D2+,C)*F2(D1+,D2+,C)=F6(DL,D2)=

. EQUALS _
SYMBOLS 129, A, 8, C.

INDICES MU,

VECTORS P, 0.

FUNCTIONS U, EPF=9, 4=9, Gl, G5=9, G6=3, G7, UGs3, UBG, DD, Fi, F2, §3,

t4, F5, F6, F7,

* P(MU)*FL(A,B,C)*FR2(A,B,C)»F3(A,B,C)#FA4(A,B,C)

* ( AwnIxPpPlww2 }

+0,

RUNNING TIME
NUMBER OF TERMS
EQUAL TERMS
CANCELLATIONS
RECORDS

Qoo g
-



F F13F21F31F4:F51F6;F7-'

¥ Y
(FL{AsBsCI*F2(A,B,C)*F3(A,B,CI*FA(A,8,C))o(Ana3aPDRwn2sP(MU)).

K1 DA*® 3« F2{Dil+,D2+,C)%FA4(D1+,D2+,C)nF6(D1,D2)=

” EQUALS
SYMBOLS 129, A, B, C.
y INDICES MU,
| VECTORS R, G,
FUNCTTONS D, EPFz9, G=9, GI, G529, G6s3, G7, UGs3, UBG, DD, Fi, F2, F3,

F4), F5, Fé, F7,

* P(NU)*Fi(A,B)C)*FS&A:B;C)*FﬁtA.B)

* ( PDQ*w2 )

+U,

RUNNING TIME
NUMBER OF TERMS
EQUAL TERMS
CANCELLATIONS
RECORDS

oo ok &




e

F F1,F2,F3,F4,F5,F6,F7,

v Priy .
(FI(A;BnC)*FZ(A:B;C)*F&(AaB;C)*F4(AaBpC?)*(A**3*PDQ**2*P(HU})

Ki NA**# 3 ww F2(D1+;U2+.C)*F4(Dl*oDEtJCJ=F6(Dl.DZ)*F7{D3)=

» EQUALS g

SYMBOLS 139, A, 8, C,
INDICES MU,
VECTORS P, 0,

FUNCTIONS U, EPF=9, G=9, GI, G5=9, G633, 67, UGs3, UBG, DD,.F4, F2, F3,
Fa, F5, F6, F7, | _ -

t

+ P(MU)*F1(A,B,C)*F3(A,B,C)«F&CA,B)«F7(3)

* ( PDUw*2 )

tu,
RUNNING TIME 4
NUMBER OF TERMS 1
EQUAL TERMS v’
CANCELLATIONS U
RECORDS i #

>

Ci



F Fl,F2,F3,F4,F5,F6,F7,

V F’oU.
(FLCA,ByCI*F2(A.B,CIwF3(AsB,CY*F4(A,B,C))»(AnaI»PDQuw2«P (MU})

K1 OP(D3+) * F2(D1+,D2+,C)*F4({D1e,D2¢,C)aF6(DL,D)*F7(U3)=

* EQUALS

SYMBULS 1=y, A, B, C.
INDICES My,

YECTOURS F, Q.

FUNCTIONS D, EPF=9, G=9, Gl, G65=9, G6'3; G?, UG=3, UBG, DD, Fi., le F3,
| Fa, F5, ¥6, F7. | . -

*+ F1(A,B,C)=F3(A,B,C)sF6(A,B)«FT7 (MUY

‘t { Are3wPDQwwy )

)
]

0,

RUNNING TIME
NUMBER OF TERMS
EQUAL TERMS
CANCELLATIONS
RECORDS

Ll il ol S -

f1



s
e

F F1,F2,F3,F4,F5,F6,F7,

v Pa iy
(FLUAByCI*F2(A.B,CI*F3(A,B,CI*F1(A,B,C))w(Awa3-POQwe2%P (MU))

L F As(B*C)x(HaC)=

M Fle(Dl+,8,02+)=Dl+02%%2x

* thALS ‘

SYMBULS 1=9, &, 8, C.

INDICES MU,

VECTURS P, . ;

FUNCTIONS D, EPF=9, G=9, GI, G5=9, G6=3, 67, UGa3 UBG, DP, F1, F2, F3,

F4, FS, F6, F7,
+ P{MU)

* ( - BexB8aCuwpaPlUwx2 ¢ 3,+Bexl(wCord4aPD0Qxw2 =~ J #sBwel2«Cwa2+PDQR+#2 ¢ Brat4«PDRaw2 )

—
—

.U,
RUNNING [IME 776
NUMBER COF TERMS 40004
EQUAL TERMS 29568
CANCELLATIUNS 10428

RECORDS {



E* F1,F2,F3,F4,F5,F6,F7.
v Pa, 2 :
(FLOABICI*F2(ALB,CI*F3LBrA,CI*FALA,B,C))n(Avn3epPDQwa2+P (HU))
K F24(D1e,02+,C)wF3+(D2+,D1%,C)cF7(D1,D2,F2,F3)=
* EQUALS - | !
SYMBOLS _ 129, A, B, C.
3 INDICES. MU,
‘ VECTORS P, Q.
‘ FUNCTIUNS - D, EPF=9, G=9, GI, G%=9, G613, G7, U@s3, UBG, DD, Fi, F2, F3,

Fd4, F5, F6, F7.

* PIMUI*FL(A,B,C)eF7CA,B,F2,F3)*FA4(A.B,C)

v ( Ax*3%PDO#*2 )

+,

RUNNING TIME 4
NUMBER OF TERMS L
EQUAL TERMS 0
CANCELLATJIONS «Q
RECORDS 0

"



WL = U 7 LLOCOCGCC GG

K - 21 « MY + NU, WITH AXTAL MAGNETIC TERM 11 LEPTIN PART,
NOTATIN'IS FOR "ASRS AND MIMENTUM -

K = K. ¥, . KeGCHARJE [S +,
PI ] ”:‘o

My - M, n,

NU - ), QP,

W o= POLAYIZATION UIRECTIJN,

DIA=1),

LA=C.,KSI=C,F1,M,MN,MK,MP,

RQ,IP,K, N,

MU.NUY,HMUP,NUP, 11,12,

LA,LAG,KSI,KSIG,F1.
(DTACMU,NUIY®CONJG# (DIA(MUP,NUP) )

[

Ji1 D[A(HU+,NU+)*UBG(Ix,HN,U‘)»!Q(IL:HU)*66(f1)+I*LA*(Q(i1pNU)'G(111
NUY=G(T}. HYUI*Q{T1sHUI ) #Mow (=g ) (Q(NUI+QAP(HUI I RQS (1)) 0,5
(GICJ ) +1«GCI1,WI%35(112) bUG(Ii,-M 0)*(F1*2.'K(IU)+fKSI ~Fiie
(QACMUY +AP (MUY ) =

J5 SPINt, 1=

J7,4 TRIOK, TRACE , 1 -

K5 MN=1 =

K5 WD1=0=

K5 WOQP =0 =

K5 WDK=0=

K5 arn P=n=

Ko WDH=1=

K QD)1= M=

Kb KIK=-MK# 2=

. YER

SYMBOLS I=2, LA=7, LA, K31=3, ASla, Fi, M, N, MK. MP,

INDICES MUL HU, HUP, NUP, 14, 12,

VEZTNORS o, oP, K, i,

FINCT IO I3 'y, EPF 9, Ja3, dl, QA5=92, in4=3, 67, LG=3, U¥G. 20, DIA-Z

by



5 RLA,»It A,RKSI,IKSI,EPSC.

o RLA»ILA,RKS],IKSI,F1.

v

L

U SUBSTITUTIONS LIKE THE FOLLOWING ONES USUALLY GREATLY INCREASE

U THE NUMBDER 0OF TERMS 70 BE SORTEp IN fYHE QUTPUT, THEREFORE

Y IT 15 ANDVISABLE T0 fFYRST DU SORTING, AND USING THE SORTED RESULT

y AS NEY INPUT ON WHICH THESE SUBSTITUYIONS CAN THAN BE PERFORMED,

¢ THIS 15 AGHIEVED BY THF YRP CoMMAND .

C . .

U

Ll QDQPI-O.ﬁlMP*#2+",5#MK#QQ*QUK¢QPDK4U:boﬂquzz

L

U RLA= REAL PART OF LA

¢ ILA= TMAGINARY PART OF LA

v RKSl= REAL PART 0OF KSJ

H [KSi=s IMAGINARY PART OF KSI.

C

LE LA=RL A+1#ll A=

LE LAG=RI.A-Is [l A=

LE KSI=RXSI+]#IKSI=

L5 KSIGIRKSI-I#IKS]:

R /- N
+ Flee? = .

* ( 6,8MRED MK#22 + D, uMas2aMPa#2 - 4,0M2229QDK + 12,oMa8240PDK =« 2, #M#84 ~ 8B eMKwe2sMPas2

+ 1e.eMK*2280QDK + 16,#MKn4200PDK + 8, ,#MK#a4 + 32,80DKaQPDK )

+ RKSIasp

2 o~ 2.0Me2aMKr22 + 2, 0M227aMP 24D o 4, #Ma®*20QDK - 4,aMes28QPDK = 2,aMun4 )

F

+ [KSTle=x2

*UOo» 2.%Mes2aMKEER 4+ D aMea2aMREa2 & 4, 8MaR25QDK - 4,0M0224Q0PDK -~ 2,sMBa4 )

) ) \

ey




*+ RLAaFle»2
* ( « $16,%Me0DoMKo82 - 8, #M2s28QDK - 5, #NspZR0RDK + L0, sMKea2aMPee? « 4], eMK#3200DK
- D4,8MK? 22 aQPDK = 16.#MKeed4 + B, 9MPaa28QpX - B,*MP#028QPDK « 16,2Q00Ke%2 =~ 145,%QPDKew2

- 3z.#0DKaQPDK

. Ri.AveZafFi:-a2

® ( » §6,*Meu(=Q)AMKBSDR0DKRS2 @ L6, ONBR(~2)OMK*@2sOPDKee? + 3J2,4Mea(~2)nYKen:a0DK=+QPDK

4 16, aMenD MKa82 + 16.8Mon(-2)9MPea240DK#02 + 10, 8Mex(=2)aNPes2eQPDKee] ~ 32 aNsa(.2)sMPxa?2
#00KaUPDK = 32,0Mra(~2)800Kes3 « 32 omeo(-2)80PDKeal + 32 . 4Mea(=2)eQDKnQPOKae: & JI2 eoMsa(-2)
POpKAe220PDK -~ $6.aMKee2aMPas2 & 32 apKas2p0DK + 32, ,8MXas240PDK + 16,%HKesd - 105,8Q0K*a2

‘4 48, 8QPDK--e2 & 32,#Q0DKsQPDK )

+ JLAra2aF{iaa?
4 = 16.*M*0(-2)iHK~12«QDK»w2 w 16, a0Mn0(~2)8MKwa2a0PIKes2 ¢ J2,0Mon(~2)aNKas32QDXs0PDK

+ 16,eMeu2:MKen2 + 16,#Mox(-2)8MPea2aQNKna2 + 16,8Max(=2) s Pas20QPNKaed -+ 32 aMas(.2)aMPaa?
#ODK#OPDK = J2.8Mse(-2)#QDKs23 = J2,eune(-2)80pDKes + 32,.#Mea(=-2)a0DKe JPIKes: & J2,0MHse(-2)
#0DK*e22QPD - 316,9MK#a2aeMPeap ¢ Je.ﬂrK"EéUDK + 32,8MKes . o0PDK + 16,2MKoed - 16,#0DK2#2

+ 48, #0PDK=#2 ¢ 32.#QDK*QPDK )

’

+ RKSIeF1i

® { 4,64Ma%D MKes? - 4. #M3sZaMP28? + £ #Mosd#00K ~ 8,8M3828GPDK + 4, #M2at )

by



+ RLA#RKSIarg
8 ( B.aMe®2:QDK + 8.%Mse2e0PDK ¢ B,aMu#e2eQUK = 8,sMKes220PDK - 8.,#MPss24qDK » B.9MPae2eQPDK

¢ 16,900DKe=22 « 16,%0PDKee2 )
+ JLA®#IKSIery .
* ( R,eMe22:QDK + 8.+#Ma=2+QPDK ¢ B,aMgne2aplK o G,«MK#u2+QPDK =~ 8,0MPeadedDK » 8,.eMpue2sQPDK

4 16,40DKex+2 - 16 ,+QPDKe#»2 )

EPF(W,K,QP,Q)aiLA»F1as2

+

{ 32,#1¢Mx8(=1)#20QDK -~ 32,01#M88(-1)20R0K ¢ 16,8]18M )

+*

EPF(WsK»GQGP,0)@1KSinF1

{ = 16,%1=M )

-+

EPF (W,KsQP,0)®RLASIKSI®F"

( 16,*1%M )

+

EPF(W,K>QP,0)s 1L A=RKSI®F1

( = 16.%1%M ) ‘

8,

3 *

m .
©



7 2] . ¥ s

j . b

s ALgh2,A3, - ” -
- ¥ P1,P2,P3,01,02,03, .

1 11,12,13,d1,42,V3,

F F1,F2,F3,AF,8F,CF,

A AL83,A2a.4,P1n7,P2a-5,F1e3,F2n7, ' ,
(A1§12+A1aa-2¢A1.A4+A1/A4*P10P2*F1(A1'A2)’FZ(Aa)ﬁAi'Plﬂﬁi'Pa(11’
sPL (1) 063+F1(4)+P1(4)e824PL(4)00=1aPi(4)0n=2)

J ASYMP,-6n

% EGUALS

SYMBOLS 1=G, Aly A2, A3s A4,

INDICES 11, 12, 13, J1, 42, J§,

VECTORS p1, P2, P3, 01, G2, @3,

‘ “PFUNCTIONS ps EPFw9, Gmg, g1, G5%9, 3@'3. 67, UG=3, UBG, DD, F%, F2, F3,
AF, BF, CF,

+ ALR%A4 < A1uA40!(-1).¢‘A1002 * A108(=2) + P1(4) + Pi(4)ne2 + Pil4)es3 & PLDP2

+ P2CIL)WFL(AL, AC)WF2(A2)

# ( A1%P1DG1 )

+0.

RUNNTING

NUMBER OF TERMS
EQUAL TERMS
CANCELLATIUNS

RECORDS

TINE

Qoo 0



S AigA2, A3,

v PlaPd,P3,01,02,03,

I ljllfyls'dijuz.ds.

F THINT N
(UHGGU L, AL F I 2AF (2,11, 120Gl J2)8G(J1,00)8DF (1,13,11)s
UGCJL,A2,E2) %G 1,02)8AF (2,12,13)%6¢ 3,03) )

J URUER,BF ,2,11,12,13=

» ECUALS

SYMBOLS 1=, Al, A2, A3.

INDICLS 11, 12, 13, J1, .2, 43,

VECTORS PL, F2, £3, 01, C2, Q3,

FUNCTIUNS Dy [Pi':g) GSQ, G]p GS“Q’ Ubl.j., G7, UG“\_S) UBGr Dc; Fl, Fz. "3!

AF’ EP’ CF.

+ BF(¢’15,[llﬂAF(Esllvl?)*AF(E,Iz,Ia)*UbG‘Ji;AipPl)*G(Jl’JE)‘G(Jital)“UﬁtdllA2JP2)“G(J1102)

'G(J31u3)

+0,

RUNMING T 1M
NUMBER OF 1{nubg
EQUAL I1LRM>
CANCILLATT LS
KECURULS

B e R .

Zrtf



S Al,A2,A3,

v P1,P2,r3,01,02,03,

1 11 12 13 leJz Ja.

F F1,F2,+ 3, AF,BF,CF,
(UBG(Jl,Al F1)-Ar<2 11,12)eg(J1, J2>aG<J1 QL)*NF{1,13,I11)+e
UG(Jl,A2,Pe)#G(ul,02)#AF(2,18,13)#6()3,03) )

J URDE1,11,12,13=

» EQUALS

gYMBOLS =6, Al, A2, AJ.

INDICES {3 12: 13; ofls wea 43

VECTORS P1, P2, F3, 0G1, G2, Q3,

FUNCTIUNKS n. EPF=9, G=9, GIl, G5%9, G6=3, G7, UG=3, UBG, DD, F1, F2, F3,

AF, BF, CF.

+ AF(2,13,12)0aF (2,12, 13)#BF(1,13,11)%UHG(J1,A1,P1)8G(J1,J2)#G(J1,Q8)%UG(J1,A2,P2)90(J1,02)

#G(J3,03)

¢UI

RUNNING [1IME
NUMBEK OF 1EKMS
EQUAL TERMH
CANCELLATIINS
RECNRDS

ol S )



s Al!‘gpﬂs.
' P1'P3,P3,01p02p03.
i 11112’13,J1!J20J3.
= F1,F2,F3,AF ,BF ,CF,
: (pl(11)+p2(11)¢P3(11))u(AioPi(11)¢A2iP2g;1)+A3*P3(11)*01(11) )
J URTHG,U1,P1,pP2=
» EQUALS : : . d
SYMBOLS 1=, Al, A2, A3,
INDIC&S Il; 12, 133 J1, J2' J?.
YECTORS pt, P2, F3, 01, G2, 03,
FUNCTIUNS  p, EPF=9, G=9, Gl, G5%9, Gé=3, G7, UG=3, UBG, DD, Fi, F2, F3,
‘ AF, EF, CF,

+ AL®PIDPL + Al#FiDPE + A1#P1DP3 + A2*?10P2 + A28P2DP2 + A28F2DP3 + "A3aPLDP3 + A3*P20P3

+ AJ#P3IUPS + P3D51

+0.

RUNNING TIME g -

NUMBER OF IENMS 1

EQUAL |EKMS f

CANCELLATIOKNS u

RECORLS 8
S
o

V&




s Al]‘Z’ﬂa.

v ‘Pi,PE,P3,01,02,03.

1 11,12,13,41,02,43, _ ‘ A

F FlyFe,F3,AF,BF,CF, ,
(PI(Il)+p2(11)+P3(11))G(AlﬂPi(Ii)*AEGPZ(!1)+A3lP3([1)¢01(11) }

J URTHN,P1,P2,p3=

» END .

SYMBOLS 176, ‘A1, A2, A3.

INDICES 11, 12, 13, g1, 42, J3,

VECTORS pi, P2, P3, 01, 02, Q3F, |

FUNCTLONS D’.EPF-Q’ G=¢, UI' G5=9, 89!3. Gz’ UG=3, UBG, DD' Fi, F2, £3,

AF, BF, CF,

+ Al + A2 + A3 ¢+ F1DQ1 + P2DUL & P3DU1

+0.

RUNNING TINME
NUMBER OF 1ERMS
EQUAL I1ERMS
CANCELLATIUONS
RECORULS

Lol =l o R

Sey/



